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* Anfangerausbildung Programmierung: 'eill
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DeinProgramm ist ein Projekt zur Anfén, g usbildung im Programmieren, das seit 1999 an der Uni
und anderswo entwic! klw1dD andenen didaktischen anep waar nd Mat lnwud
zahlreichen Afang usbildungen erprobt und kontinuierlich verbes

[
{l U e r 0 u Die Hauptelemente von DeinProgramm sind:
e das Buch Schreibe Dein Programm! von Herbert Klaeren und Michael Sperber, das kostenlos unter einer

Creative-Commons-Lizenz verfiigbar ist


https://www.deinprogramm.de/

Mathe fur
richtig

"You want proof? I'll give you proof!"

@ctive group

Sidney Harris: You Want Proof? I'll Give You Proof!: More Cartoons, W.H. Freeman, 1990



Mathe als Sprache

“Die Philosophie steht in diesem grofSen Buch geschrieben, dem Universum,
das unserem Blick standig offen liegt. Aber das Buch ist nicht zu verstehen,
wenn man nicht zuvor die Sprache erlernt und sich mit den Buchstaben
vertraut gemacht hat, in denen es geschrieben ist. Es ist in der Sprache der
Mathematik geschrieben, und deren Buchstaben sind Kreise, Dreiecke und
andere geometrische Figuren, ohne die es dem Menschen unmaglich ist, ein
einziges Wort davon zu verstehen; ohne diese irrt man in einem dunklen
Labyrinth herum.”

Galileo: Il Saggiatore, 1623
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Reden Uber
die Welt (“Domane”)
und wie wir sie

sehen
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AEKI-Einkaufskorb

e Artikel in den Korb tun — immer

e Lieferadresse auswahlen
 zur Kasse gehen

e keine Mobel an Packstationen

 keine Eingabedaten verlieren
e zwei Wagen kombinieren

@'llll)e grO“/O Source: Wikimedia (sofa), Wikimedia (candle diffuser)



https://commons.wikimedia.org/wiki/File:19CentSofaMusDF.JPG
https://commons.wikimedia.org/wiki/File:Candle_Diffuser.jpg

Aus 2 Einkaufskdorben einen machen




Gleichungen

T + 2
2r° + 21y — 2
f(5)+ f(7)
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Wichtige Eigenschaften
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Spur(Lucke) = Spur(Wechsel)
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Programmieren vs.
Gleichungen 1nt = 7;

£(5) + F(7) = 70 int £(int x) 3
1nt = vy

(FP FTW!) ;

return x*z;
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Substitution

Qj p—
r*+2.xr+5 = T*4+2.74+5
= 49+ 14 + 5
= 03 -+95
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Substitution

|
DO
8

XL
r?+2.-24+5

(22)* +2-(22) +5
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Assoziativitat

(a4 b) + c
(a-b)-c
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a+ (b+ c)
a-(b-c)



Nicht nur Zahlen



Listen

[&1,&2,...,&n] X [b17b27"'7bm] — [aflaaQ?"°7a'n7b17b27°°'7bm]

assoziativ!
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Ceci n‘est pas une image!

public abstract void drawOval (int x,
int vy,
int width,
int height)
Draws the outline of an oval. The result is a circle or ellipse that fits within the rectangle specified by the x, v,
width, and height arguments.
The oval covers an area that is width + 1 pixels wide and height + 1 pixels tall.

Parameters:
x -the x coordinate of the upper left corner of the oval to be drawn.

v - the y coordinate of the upper left corner of the oval to be drawn.
width - the width of the oval to be drawn.
height - the height of the oval to be drawn.

See Also:
fi11Oval (int, int, 1int, int)
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https://docs.oracle.com/javase/8/docs/api/java/awt/Graphics.html

Bilder

public abstract void drawOval (int x,
int vy,
int width,
int height)

Draws the outline of an oval.

@ctive group



Bilder
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Halbgruppe »

* Menge(n) M
* Operation(en)
auf diesen Mengen ’ : M X M — M

* Gleichung(en)

irGese Opetationer (a#D) ¥ = ad(b4c)

@ctive group



M

¢ M xM-—->M
R,+:RxR—R (a#D) 6 = ab(bée)
(a+b)+c=a+ (b+c)
List(A), m: List(A) x List(A) — List(A)
(axb)xc=ax(bxc)

Halbgruppen

image,overlay : image X 1image — 1lmage
(overlay (overlay a b) c¢) = (overlay a (overlay b c))
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Monoid M

Halbgruppe

+ neutrales Element ‘ : M X M —> M

(a‘b)‘c = a$(béc)
adl = L ¢a =a
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Monoiden R, 4,0
R, *, 1

List(A), X, ||

1mage, beside,
image, above, -
1mage, overlay,
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Monoiden in freier Wildbahn

Einkaufskorbe
Finanzvertrage

Diagramme
Versicherungsvertrage
Blumenstraulle

* Versicherungsanspriiche

* Halbleiter-Fabrikationsrouten
* Rechte-Management

* Steuern

* Tabellen
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Tao-Check FTW

* suche nach binaren Operationen

* suche nach neutralem
Element

' v\* E”IOtt
._”; »
(8

¢ w s
i -



Konsistenz und
Einfachheit
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Mehr Struktur

o Halbgruppe

mehr

. M
« Monoid et
”””””””””””””””””””””””””””””””””””””””””””””””” mehr
e Gruppe Operationen
o ng mehr
Gleichungen
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Grolse Monoiden aus kleineren
Mla‘l : M1 X M1 — M1

MQ,‘QZMQXMQ%MQ
M1><M2
¢ (M x My) X (M X My) — My x M

(a1,a2)9(b1,b2) = (a1 1 b1, az €2 b2)
@ctwe group



Kein Monoid

R
max : R X R —- R
max(a, max(b, c)) = max(max(a,b), c)

Kein neutrales Element!
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Halbgruppen zu Monoiden

M
O - M xM—>M

MJ_:MU{J_}
‘J_ZMJ_XMJ_%MJ_

ad, L = L&, a =a
a® b=adb a,b# L
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Halbgruppe in Haskell

class Semigroup a where
(<>) :: a =-> a -> a

(dl <> d2) <> d3 = dl <> (d2 <> d3)
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Monoid in Haskell

class Semigroup a => Monoid a where

mempty :: a

d

mempty <> d = d <> mempty
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Kategorientheorie - Abstrakter Nonsens

(MOM)QM-—*-Me (Mo M)-"2*-Mo M
p1 Monoid K

Mo M M

L

SR oo


https://en.wikipedia.org/wiki/Monoid_(category_theory)

Mehr Abstraktion

n e Funktor
T(X) T(X)’T(T(X)) * applikativer Funktor
1de * Monade
T(nx) X
I(T(X))—x—T(X)



https://en.wikipedia.org/wiki/Monad_(category_theory)

2022 ACM Software System Award

2022 ACM Software System Award

————

-

Today, thanks to this group's efforts, +
Watch on &3 Youlube

Gernot Heiser @, University of New South Wales; Gerwin Klein &, Proofcraft; Harvey Tuch &, Google;
Kevin Elphinstone &, University of New South Wales; June Andronick @, Proofcraft; David Cock(#,
ETH Zurich; Philip Derrin@, Qualcomm; Dhammika Elkaduwe Z, University of Peradeniya; Kai
Engelhardt ', Toby Murray @, University of Melbourne; Rafal Kolanski ', Proofcraft; Michael
Norrish Z, Australian National University; Thomas Sewell ', University of Cambridge; and Simon
Winwood Z, Galois, receive the ACM Software System Award & for the development of the first
industrial-strength, high-performance operating system to have been the subject of a complete,
mechanically-checked proof of full functional correctness.

AWARDS & RECOGNITION
Software System Award Goes to

Fourteen for the Development of
Groundbreaking High-Performance
Operating System

Gernot Heiser, University of New South
Wales; Gerwin Klein, Proofcraft; Harvey
Tuch, Google; Kevin Elphinstone,
University of New South Wales; June
Andronick, Proofcraft; David Cock, ETH
Zurich; Philip Derrin,

Qualcomm; Dhammika Elkaduwe,
University of Peradeniya; Kai Engelhardt;
Toby Murray, University of Melbourne; Rafal
Kolanski, Proofcraft; Michael Norrish,
Australian National University; Thomas
Sewell, University of Cambridge; and Simon
Winwood, Galois, receive the ACM
Software System Award for the
development of the first industrial-strength,
high-performance operating system to have
been the subject of a complete, mechanically-
checked proof of full functional correctness.

View the full list of ACM Awards



e Mikrokernel
e \Variantenin
sel4 Qualcomm-Modems
und iPhone-Security-
User Enklave

Mode o funktionale Korrektheit

NW File bewiesen (2009)

Proto- Device Server , Beweis

Application gto; an Driver 200.000loc

= Kernel
| Mode

IPC, Threads, Virtual Memory Nipc 10kSLOC

Hardware

@cz’we qgroup Gernot Heiser: The sel4 Microkernel - an Introduction



https://sel4.systems/About/seL4-whitepaper.pdf

Abstrakte Spezifikation

schedule =

Istﬁebe e HOL

swiccn_to tnxeau thread
od OR switch_to_idle_thread

Implementierung

void setPriority(tcb_t *tptr, prio_t prio) {
prio_t oldprio;
if (thread_state_get_tcbQueued (tptr->tcbState)) {
oldprio = tptr->tcbPriority;
ksReadyQueues [oldpri
tcbSchedDequeue (t[ .r, ksReadyQueues[oldprio]);
if (isRunnable (tptr) 5
ksReadyQueues [prio] =
tcbSchedEnqueue (tptr, ksReadyQueues[priol);

}
else {
thread_state_ptr_set_tcbQueued (&tptr->tcbState,
false);
}
}

tptr->tcbPriority = prio;
e

Klein et al: seL4: Formal Verification of an OS

Kernel

Austfuhrbare Spezifikation

schedule = do
action <- getSchedulerAction
case action of
ChooseNewThread -> do
chooseThread
setSchedulerAction ResumeCurrentThread

chooseThread =
r <- findM | 10 as

when (r == notuLuin nﬂluCuTU;u
chooseThread’ prio =
q <- getQueue prlo
1liftM isJust $ findM chooseThread’’ q
chooseThread’’ thread = do
runnable <- isRunnable thread
if not runnable then do
tcbSchedDequeue thread
return False
else do
switchToThread thread
return True

noead

I I .nBound ..

maxBound] )


https://dl.acm.org/doi/10.1145/1629575.1629596
https://dl.acm.org/doi/10.1145/1629575.1629596

Isabelle

@ctive group

“funktionale Programmiersprache + IDE”
mathematische Syntax fir Mengen, Algebra, Analysis,

LN ] X - O Isabelle/HOL - Seq.thy

File Edit Search Markers Folding View Utilities Macros Plugins Help

Sprache flr Beweise .

?E isabelle v

o

section <Finite sequences> Filter: *

mathematisches Modulsystem .., s

imports Main section <Finite sequences>
q theory Seq
begin

M : datatype 'a seq = Empty | Seq ‘¢

unendlich erweiterbar
datatype 'a seq = Empty | Seq 'a "'a seq" fun reverse :: "'a seq = 'a seq"

lemma conc_empty: "conc xs Em

MIPIBPIS

fun conc :: "'a seq = 'a seq = 'a seq" lemma conc_assoc: "conc (conc |
wherel lemma reverse_conc: "reverse (c
"conc Empty ys = ys" lemma reverse_reverse: "reverse

| "conc (Seq x xs) ys = Seq x (conc xs ys)"

:onstant "Seq.seq.Seq"

fun reverse :: 'a= 'aseq= 'aseq

where
"reverse Empty = Empty"

| "reverse (Seq x xs) = conc (reverse xs) (Seq x Empty)"

- |lLemma conc_empty: "conc xs Empty = xs"
by (induct xs) simp_all

lemma conc_assoc: '"conc (conc xs ys) zs = conc xs (conc ys zs)"
by (induct xs) simp_all

lemma reverse_conc: "reverse (conc xs ys) = conc (reverse ys) (reverse xs)"
by (induct xs) (simp_all add: conc_empty conc_assoc)

Proof state v/ Auto update Update Search: - 100% v

consts
conc :: "'a seq = 'a seq = 'a seq"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}"

o | - ‘output
14,6 (214/797) (isabelle,isabelle, UTF-8-Isabelle) | nm o UG IIVIVEEFEYEERMB | ML: 26/499MB  10:16 PM



Mathe fur Programmierer:innen

* nutzlich

* nicht kompliziert

* aber abstrakt

* macht sehr glucklich

* funktionale Programmierung FTW
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Quellen

* Michael Sperber, Herbert Klaeren: Schreibe Dein Programm!

* Brent Yorgey: Monoids: Theme and Variations

e Sandy Maguire: Algebra-Driven Design

e Conal Elliott: Denotational Design

 Peter Henderson: Functional Geometry
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https://www.deinprogramm.de/sdp/
https://repository.upenn.edu/cis_papers/762/
https://leanpub.com/algebra-driven-design
https://www.youtube.com/watch?v=bmKYiUOEo2A
https://eprints.soton.ac.uk/257577/1/funcgeo2.pdf

